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Abstract. Information theory provides a powerful framework to analyse how neurons represent
sensory stimuli or other behavioural variables. A recurring question regards the amount of
information conveyed by a specific neuronal response. Here we show that the commonly used
definition for this quantity has a serious flaw: the information accumulated during subsequent
observations of neural activity fails to combine additively. Additivity is a highly desirable property,
both on theoretical grounds and for the practical purpose of analysing population codes. We propose
an alternative measure for the information per observation and prove that this is the only definition
that satisfies additivity. The old and the new definitions measure very different aspects of the neural
code, whichisillustrated with visual responses from a motion-sensitive neuron in the primate cortex.
Our analysis allows additional interpretation of several published results, which suggests that the
neurons studied are operating far from their information capacity.

1. Introduction

Signals in the nervous system take many different physical forms, including membrane
potentials, ionic currents, neurotransmitter concentrations and enzymatic activities. The
essential substance thatis transported through neural pathways by these ever-changing symbols
is information. Thus, a student of the nervous system stands to benefit from understanding
the characteristic properties of this substance called information. By analogy, a vascular
physiologist would study fluid mechanics, because the physical properties of fluids place
important bounds on how rapidly blood can be transported from one place to another through
a given vessel. Similarly, there exists a theory of information that prescribes how to measure
this quantity, and spells out important constraints on transmitting information through a
communication channel such as a neural pathway. Ever since the formulation of this framework
by Shannon (1948a, b), there has been considerable interest in how neural systems deal with
these constraints, and how close they come to the performance limits specified by the theory
(Riekeet al 1997).

In many studies of neural function we stimulate one end of the nervous system—for
example, by a sensory input or by driving a specific neuron—and observe the response at
another end—for example, the firing of a population of neurons, or motor output. Generally,
different values of the input will lead to different values of the output, but clearly there are
limits to this, and those limits define the operating range of the neural system. For example,
as a result of noise or uncontrolled variables in the pathway, a given input value may lead to
several different output values. Similarly, a given output may have been caused by different
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inputs. Studies of neural coding are essentially aimed at understanding these probabilistic
relationships (Rieket al 1997).

The fidelity of transmission between inputs and outputs can be assessed by Shannon’s
mutual information. This quantity measures the average information one obtains about the
input value from observing an output value, or vice versa. However, in many cases it would
be interesting to know the information gained from a specific observation, rather than the
average. For example, some neural firing patterns may be more informative about the stimulus
than others, and such a comparison could show which aspects of firing are reliable, and which
others are affected by noise. Similarly, some stimuli may be more informative about the neural
response than others, and such a comparison may reveal what the given neural circuit can
sense. However, Shannon’s formulation of the theory provides no prescription for measuring
this information specific to a particular symbol. Subsequent theoretical work attempts to
capture this specific information by two rather different definitions—which we will dehote
andI,—and there exists an infinity of equally plausible alternatives.

Any acceptable measure of this specific information must have one important property: it
should accumulate additively in the course of subsequent observations. Imagine making two
observations that provide information about some variable of interest. Compute the specific
information gained from the first, then the specific information obtained from the second; of
course, in this latter step you must consider what knowledge you already gained from the first
observation. It is then natural to expect that the specific information gained in each of the
two steps should sum to the information gained if you simply made both observations at the
same time. For example, the information obtained about a sensory stimulus from observing two
neurons in a population should equal the information from the first neuron plus the information
gained from the second neuron after one had already observed the first. Here we show that of
the two definitions advanced so far, oijyhas this property of additivity. In fact, we prove that
it is the only possible definition that satisfies additivity, which identifies it uniquely as a proper
measure of information. Unfortunately, this is not the expression used by neuroscientists:
published studies of neural coding all calculateWe show thaf is also unique, in that itis
the only definition that never produces negative numbers, and argue that it has the properties
of ‘surprise’ rather than ‘information’. This paper begins with a brief introduction to the
formalism of information theory. We then prove the unique propertiésafid/, and illustrate
the difference between the two measures with a toy example from medical diagnostics. Both
analyses are then applied to recordings of a motion-sensitive neuron in primate visual cortex.
Finally, we make use of a classic theorem to reinterpret the measurements of the ‘sugprise’
published in several previous studies.

1.1. Entropy

One can consider neural signalling as a communication process between a set of input symbols
X = {x;}—for example, different sensory stimuli—and a set of output symbois {y; }—

for example, different neural firing rates. In the course of communication, different inputs
occur with probabilityp(x;) and the outputs with probability(y;). A given inputx; may

lead to several different outpuig, with the conditional probability (y;|x;). Similarly, a

given outputy; may have been caused by different inputswith conditional probability
p(xily;)) = p(yjlx)pxi)/p(y;). Thus, observation of the output generally leaves some
uncertainty about the input. Shannon'’s information theory (Shannon and Weaver 1963, Cover
and Thomas 1991) provides a way to measure this uncertainty: if exgntthe ensembl&

can happen with probability (x;), then the uncertainty about is defined as the entropy of
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the ensemble
H(X)=—)_ p(x)logp(x;) (1)

where ‘log’ denotes the logarithm to base 2. For example, the entropy of an event with two
equally likely outcomes is lo@) = 1, often expressed as ‘1 bit'.

This definition satisfies an important property that we associate intuitively with
uncertainty: itis additive. If two different eveni&sandY happen independently of each other,
then our uncertainty about both of their outcomes should equal the sum of the uncertainties
about each event. More generally, if the two events are not statistically independent, so that
observation of the first conveys some knowledge of the second, we expect that the uncertainty
about the joint event should equal the uncertainty about the first event plus the uncertainty
about the second given knowledge of the first. In fact, Shannon’s entropy has this property:

H(X,Y) ==Y p(xi,y)logp(x.y;)

=Y pGp)pxily)loglp(y) p(xily))]

i,j
=Y pologp() Y plxily) = Y p(y) Y plxily;)log plxily))
J i i i

— H(Y)+ H(X|Y)

whereH (X|Y) is the average uncertainty remaining ab&uafter one has observad often
called the ‘equivocation’ or ‘conditional entropy’,

H(X|Y)==>"p(y;) Y pxily;)log p(xily,)
J i

= pONHXIy),
J

and
H(X|y;) == p(xily;)log p(xily;)

is the entropy ofX conditional on observation of a specific event(Fano 1961, Hamming
1986, Cover and Thomas 1991).

This additivity with respect to compound events is a natural requirement we should impose
on any quantitative measure, if we want it to meet our intuitive notions of uncertainty. It has
been shown (Shannon 1948a, Khinchin 1957, Aczel and Daroczy 1975, Guiasu 1977) that this
is the key requirement leading to Shannon’s unique definition of entropy (1), and specifically
its logarithmic form.

1.2. Mutual information

Having developed a measure of uncertainty, one can define the transmitted information:
observing the output of the communication system reduces the uncertainty about the input
X from H(X) to H(X|Y). Thus Shannon identified the information conveyedrbgboutX

as the average change in uncertainty from obser¥ing

pxi, y))

I(X;Y)=H(X) - HX|Y) = (xi, y;) 10 [ }
Zp Y09 pep()
Note that this measure is symmetric with respect to inputs and outputs,

1(X:Y) = 1(Y; X).

)
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So knowledge of the input conveys as much information about the output as observation of the
output conveys about the input; for this read@i; Y) is called the ‘mutual information’.

Again, the mutual information satisfies an important intuitive additivity property. If we
observe two events taken from the ensemblesnd Z, then the information’ (X; {Y, Z})
that both events convey aboMtshould be equal to the information gained frahplus the
information gained fron¥ given what we already knew from. This is easily verified (Fano
1961, Cover and Thomas 1991):

P(xis ¥, 2k) ]
I1(X;{Y, Z}) = vz |
(02D = ) Pl v 0 Og[p(xi)p(y,-,m
= I(X; Y)+ZP(Yj)I(X;Z|yj)
j
=1(X;Y)+I1(X;Z|Y)
where

1(X; ZIY) =) popI(X; Zly))
j

is the average information abo#t obtained from observing, given that one already has
knowledge of some observation ¥ and

I(X;Zlyj)=Zp(xi,z;<|yj)log[ p(xi, 2kly;) }
ik

pxily)p(zily;)
is the information abouk from observingZ, given prior observation of the specific event

1.3. Specific information

The mutual information (2) specifies how much information is conveyeaverageover

all symbols. As discussed above, one is tempted to ask whether some symbols are more
informative than others. So we seek a definition for the informatigXi; y;) gained from
observation o& specifioutput symbol; about the range of possible input symbitsve will

call this the ‘specific information’ obtained frog. Observation of; changes the probability
distribution of the inputX from p(x) to p(x|y;). These two distributions completely define

the knowledge we have abolt before and after the observation. Thus the desired quantity
I(X; y;) must be a functional of these two probability distributions:

1(X;y;) = Flpx), p(x|yp]. 3

Furthermore, we require that the average information gained over all possible obseryations
should equal the mutual informatidr{X; Y):

Zp(yj)I(X;yj) =1(X;Y). 4)
J
An expression foll (X; y;) that satisfies these requirements is
p(xily;)
L(X;y;) = Zp(xilyj) log [p(—x,)j} ) )

However, it is not unique in this regard. An alternative is
IL(X;y;) = H(X) — H(X|y;)
==Y pG)logp(xi) + Y plxily;)og plxily;). (6)
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Figure 1. Schematic diagram for communication by a diagnostic test that produces false positives
and false negatives, each with frequencirhis channel is known as the ‘binary symmetric channel
with noise’. xo: subject healthyy: subject sick;yo: test negativey;: test positive.

This second definition has a very simple interpretation: it amounts to the change in uncertainty
aboutX that occurs when one observgs

Among treatments of neural coding, virtually all of the literature uses defindticx; y;)
for the information conveyed by a specifi¢ (Eckhorn and Bpel 1974, 1975, Fuller and
Looft 1984, Optican and Richmond 1987, de Ruyter van Steveninck and Bialek 1988, Bialek
and Zee 1990, Richmond and Optican 1990, Theunissen and Miller 1991, Panzeri and Treves
1996, Rollset al 1996, 1998, Buracast al 1998). No compelling reason for this choice is
provided, and we have found only one source (Riekal 1997, p 122) that mentions the
existence of an alternative definitida(X; y;). In fact, there is an infinity of alternatives:
for example, any weighted average lefand I will also satisfy the requirement (4). Thus,
one needs to introduce an additional criterion in order to choose an appropriate definition for
specific information. We will arrive at this criterion by inspecting héwand 7, behave in a
simple example.

2. An example

Suppose a rare disease afflicts individuals in a population with relative frequen¥pu

have available a diagnostic test for this disease. Unfortunately, the test is not perfect, but
occasionally produces false positive results or false negative results, and both happen to occur
with a probabilitye (figure 1). You perform this test on a subject and obtain a positive result,

y1. This could have arisen from a correct test on a sick pe¢sgror from a false positive on

a healthy persofg); in fact the two alternatives are equally likely. Thus, after observing the
test result, it is now equally probable that the subject is healthy as that he is sick:

p(xolyr) = p(xalyr) = 3.
What would the two measurdg and I, above tell us about the information gained from
this specific test result?

BX: ) = plaabyw tog | P2 |4y tog | L2 |
p(x0) p(x1)
= }log#+}|ogi
2 T21-¢) 2 T2
Lol o f . ]
~§09£>>, or ek 1l @)

So if we measure the specific information by we conclude that the test yielded a large
amount of information, particularly if the disease is very rare. On the other hand,

I>(X; y1) = p(xoly1) log p(xoly1) + p(x1ly1) log p(x1]y1)
— p(xo) log p(x0) — p(x1) log p(x1)
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=1log3 +3logi —eloge — (1 —¢)log(l —¢)
~ -1, for ekl

If we measure specific information by, then we have lost information by this test result,
approximately 1 bit. This is becauggsimply measures how much our uncertainty ab¥ut

has changed. Prior to the test, we were almost certain that the subject is healthy (assuming
¢ « 1) and thus the entrop#f (X) was almost zero. After the test, we are perfectly uncertain
bout the subject’s health, and thus the entrépgX |y;) is 1 bit. Thus the test has increased

our uncertainty by approximately 1 bit. Clearly, the two information measiyrasd/, differ

a great deal in their interpretation of the test results.

A responsible clinician would want to repeat the test. Suppose the second test on the
same subject comes out negatives zo. Then we know that either the first test gave a false
positive or the second test gave a false negative result. Both possibilities are equally likely,
independently of whether the patient is truly sick. Thus, the probability|y:, zo) of the
subject being sick is exactly what it was before we performed any tests, namely

p(x1ly1, z0) = 1 — p(xoly1, z0) = &.

What do our specific information measures say about the information obtained from this
second test?

11(X; 20ly1) = p(xoly1, 20) log [M} + p(xaly1. z0) log [
p(xoly1)

=(1-¢)log[2(1 — ¢)] + e log[2¢]
~ 1, for e« 1,

p(x1ly1)

whereas

I>2(X; zoly1) = —p(xoly1) l0g p(xoly1) — p(x1|y1) log p(x1|y1)
+p(xoly1, zo) 10g p(xoly1, z0) + p(x1ly1, zo) 10g p(x1]y1, 20)
= —Zlogi — Zlogi +cloge + (1 —¢)log(l — )
~ 1, for e< 1

Both I; and I, suggest that information was gained from this second test. As measured by
the information gained in the second test is exactly equal and opposite to the information lost
during the first test. Thus the total information gained from both tests is zero. This agrees with
the fact that we know precisely as much about the patient’s health after these two tests as we
did before. As measured by, on the other hand, the accumulated information gained from
these two tests is large, particularly wherg 1, which blatantly contradicts the facts.

This example illustrates an important difference betwgeand/,: I, is additive whereas
I, is not. If we use measurkg, then the information obtained from two observationsand
Zx, Is equal to that obtained fromy plus that obtained fromg, given what was already known
from y;:

L(X; {yj, zk}) = HX) — H(X|yj, z1)
= H(X)— H(X|y;) + H(X|y;) — H(Xy;, &)
= L(X;y;) + L(X; z]y)).
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On the other hand, this is not the case fpfWatanabe 1969, p 533):

p(xilyj, zk)
B(X: 1y ) = 3 plalyy. ) log [m—bk}
p(xily;)
pxily;. Zk)]
+ ilyj» 2 log| — > ===
ZP(X |)’] Zk) Og|: p(xilyj)

# Ii(X; {yj, zt})-

3. A unique measure of ‘specific information’

The lack of additivity presents a serious problem for the candidatyasfa measure of specific
information. First of all, it conflicts with our intuitive notion that information accumulates
additively over a sequence of observations, such that the total obtained in all steps is equal to
what we would calculate if we considered all the events as a single observation. Secondly, the
additivity for entropy and information measures is at the heart of Shannon’s information theory.
In fact, as reviewed above, additivity is the defining criterion that leads to the logarithmic
form of Shannon entropy, on which the entire formalism is based (Shannon 1948a, Khinchin
1957, Aczel and Daroczy 1975, Guiasu 1977). Finally, a measure of specific information
I1(X;y;) is useful only because it allows us to make comparisons across synjboFor
example, analyses of neural coding often compare the information obtained from different
response patterns (Eckhorn arigpel 1974, 1975, de Ruyter van Steveninck and Bialek 1988,
Bialek and Zee 1990) or the information transmitted by different stimuli (Fuller and Looft
1984, Optican and Richmond 1987, Richmond and Optican 1990, Theunissen and Miller
1991, Panzeri and Treves 1996, Ratsal 1996, 1998, Buracast al 1998). With increasing
availability of simultaneous recordings from an entire neuronal populaticig@¢rand Aiple

1988, Wilson and McNaughton 1993, Warlaetdl 1997), itis possible to compare the specific
information each neuron provides with the population code. In all these cases one presumes
that the various specific informations represent the contribution of each observed symbol to the
communication process, and that these contributions sum to the overall information flow. If,
instead, the components do not sum to the whole, then a comparison between the components
is pointless. Thus we are led to rejdgtas a measure of specific information.

I, appears as a suitable alternative that satisfies additivity. An intriguing feature of
I(X; y;) is that it can be negative, as for the first diagnostic test in the above example.
This is because certain observatignglo, in fact, increase our uncertainty about the state of
the variableX. However, the average @§(X; y;) over all possibley; is equal to the mutual
information (4), which is never negative (Shannon and Weaver 1963, Cover and Thomas
1991). Furthermore, if one insists on additivity, then the specific information—however it is
defined—must on occasion take on negative values: as illustrated in the above example, two
subsequent observations may combine to produce zero information, and thus they cannot both
make positive contributions. One can go further and proveMat; y;) is, in fact, a unique
definition of specific information: it is the only expression that satisfies additivity

L(X; {yj, zd) = 1(X; ;) + T(X5 zily)) 9)
and averages to the mutual information

> pOoNI(X:y) = 1(X.Y). (10)
J
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A proof is given in the appendix.

Because additivity is central to the practical utility of an information measure, as discussed
above, we conclude th@(X; y;) is the preferred definition of specific information, and will,
from now on, denote it simply by(X; y;):

I(X; y;) = information aboufX from observingy;
= L(X; ) ==Y px)logp(x) + Y p(xily;)log p(xily;). 11)

4. A unique positive measure: the ‘specific surprise’

Nevertheless];(X; y;) is a potentially useful measure related to the effects of obsenving
We suggest that this measure be termed the ‘surprise’ abdwim observation of a specific
v;, and will, from now on, denote it b§(X; y;):

S(X; y;) = surprise abouk from observingy;

Loy L pxily))
- Il(Xa yj) - Xi:p(xtb)/) |09|: p(xi) i| .
Note thatS(X; y;) is particularly large whemp(x|y;) dominates in regions oX where
p(x) is small. In that case the observation has moved our estimateémfards values that
seemed very unlikely prior to the observation: a ‘surprising’ result. For example, this applies
to the first diagnostic test in the above scenario, whose positive outcome suddenly makes it
much more likely that the subject is sick. The comparisofi ahd! in that example confirms
that one can experience plenty of surprise without gaining any information. More generally,
we would not expect the surprise to be additive. For example, if we were given the outcome
of the two diagnostic tests as a combined observation, we could immediately conclude that
the two tests are inconsistent; while this itself may be unusual, the combined tests say nothing
about the health of the subject, and consequently there is no surprise about that input variable.
Thus it is clear that the surpris€X; y;) and the specific informatioh(X; y;) measure two
very different aspects of the communication process.
Another natural expectation is that ‘surprise’ should be a positive number. At worst, it
might be zero, namely when the observationyafhanges nothing about the distribution of
x. Itis difficult to associate an intuitive meaning with negative surprise. As a matter of fact,
it is well known that the quantit$(X; y;) is never negative (Fano 1961, Cover and Thomas
1991). Furthermore, one can show t§&X; y;) is unique in this regard: itis the only quantity
specific to observation of; that is strictly non-negative

S(X;y;) =0 forall y; (12)
and whose average amounts to the mutual information
D pONS(X:yp) =1(X; ). (13)

J
A proof is given in the appendix.

5. Information and surprise in a neural code for visual motion

To illustrate the developments of the preceding sections we now analyse the encoding of visual
motion information by neurons in the middle temporal (MT) cortical area of an alert macaque
monkey (for experimental details see Buraehal (1998)). In one experiment, eight different
visual stimulix; were presented within the neuron’s receptive field, consisting of a windowed
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Figure 2. Information and surprise about the neural response obtained from a specific stimulus. A
neuron in macaque area MT was stimulated with constant visual motion in eight different directions
(for experimental details, see Buraaztsal (1998)). For each stimulus direction, this polar plot
shows the specific informatioh (thick line) and the specific surprise(medium line) conveyed
about the response by that stimulus. The average firing rate is plotted by the thin line.

grating moving in one of eight possible directions. The neural resppnegs measured as

the number of spikes durgnl s ofstimulus presentation. Figure 2 illustrates how the average
firing rate varies with the stimulus. Like many neurons in the MT area, this cell fires most
vigorously to motion in a particular direction (the ‘preferred’ direction) and least to motion in
the opposite (or ‘anti-preferred’) direction, with intermediate responses for other directions.
On any given trial, however, the spike count may vary considerably. The reliability of the
response resulting from any given stimulus is captured by the specific infornddtigry). A

third curve plots the specific surpri§éy;; Y) that knowledge of the stimulus conveys about the
response. Averaging either the specific information or the specific surprise over all directions
results in the full mutual information, as guaranteed by (10) and (13).

The three curves are quite distinct: the firing rate is maximal in the preferred direction, the
specific information peaks in the anti-preferred direction, and the specific surprise is bimodal.
These qualitative features are easily explained: in response to constant motion stimuli, the
variance in the spike count during a given time window is roughly proportional to the average
spike count (Shadlen and Newsome 1994, Buratad 1998). Thus the mean and variance
of the spike count distributiop(y;|x;) are greatest in response to motion in the preferred
direction, and least for motion in the anti-preferred direction. Averaging over all eight equally
likely directions(p(x;) = é), one obtains a very broad spike count distributje(y;) that
is peaked at intermediate values. The specific information; Y) measures the difference
in entropy between this average spike count distribution and the distribution for a specified
directionp(y;|x;). Since the distribution is most narrow when the stimulus moves in the anti-
preferred direction, this corresponds to the greatest specific information. On the other hand,
the specific surprisé(x;; Y) measures the degree of separation between the two spike count
distributions. Because the average distribution is peaked at intermediate spike count values,
the surprise is large in both the preferred and anti-preferred directions where the overlap is
small. This example illustrates that information and surprise describe very different aspects
of the communication process in neural systems. Neither of these aspects is contained in the
tuning curve, which measures only the average response, not its trial-to-trial variation, and
thus reveals nothing about the fidelity of the neural code.

Whereas the above analysis measures the knowledge gained from a specific stimulus about
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Table 1. Information and surprise about the stimulus obtained from a specific neural response. A
neuron in macaque area MT was stimulated with a moving grating (for experimental details, see
Buracaset al (1998)): every 16.7 ms, the grating stepped either in the neuron’s preferred direction
(x1) or the opposite directiofixg). The resulting spike count was either above threskipigl or

below thresholdyo). (a) The statistical relationships between stimiiland responses;. (b) The
specific informatior/ and specific surprisg obtained about the stimulus from the presetag

or the absencéyy) of a spike.

(@) (b)
xi o p(xi)  plilyo)  plalyn) y; IX5y)  S(Xiy))

xo 0.84 0.89 0.10 yo 0.12 0.01
x1 0.16 0.11 0.90 yr 014 1.93

the neuron’s response, a second experiment served to analyse how much a specific response
conveys about the stimulus. Here the stimulus consisted of a grating that moved randomly,
executing a short step every 16.7 ms either in the cell’s preferred direction (stimjilas

the anti-preferred directionixg) (Buracaset al 1998). For many MT cells, it was found

that ‘preferred’ steps of the grating elicited action potentials with a specific latency, though
not all such steps produced a spike. Thus, the response to each step could be categorized
into a binary variable by performing a weighted spike count over a brief time window, and
testing whether the result was above a certain threshold (respense below (yg). This
procedure yielded many stimulus-response p@iry), and from their joint distribution the

mutual informationy (X; Y) was computed as in (2). After optimizing the stimulus parameters

and the procedure for categorizing the spike count, it was found that the response conveyed on
average~ 5.5 bits s'* of information about the stimulus (Buraceisal 1998).

Does such a neuron convey more information when it fires or when it remains silent?
Table 1 shows the statistical relationship between the stimulus direcXicarsd the binary
responsed for a particular MT cell. Note that the grating moved in the preferred direction
in only a minority of the steps, a fractior0.16. When the neuron did not respond, the
conditional probability for a preferred step was somewhat lower st 11. On occasions
where the neuron did respond, a preferred step was very likely, with conditional probability
~0.90. Because the stimulus distribution changes more dramatically when the neuron fires
than when it does not fire, the specific surprise is much greater when observing a spike,
S(X; y1), than when not observing a spik&X; yo). On the other hand, the two conditional
distributions given a spikes(x;|y1), or no spikep(x;|yo), are almost perfectly reversed, and
thus their entropies are almost identical. As a result, the values for the specific information
from either observing a spiké(X; y1), or not observing a spikd,(X; yg), are very similar.

We conclude that, at least for this neuron, periods of high- and low-firing rate are almost equally
informative about the stimulus.

6. Specific surprise and channel capacity

The information-theoretic approach in neuroscience is partly motivated by the belief that
neural systems have reached some performance optimum in processing information to cope
with their environment. With few notable exceptions (Biadtlal 1991, Riekeet al 1997) this

idea has rarely been tested. Here we show that one test of optimal performance can be obtained
from a measurement of the specific surprise. Since prior studies of event-specific coding in the
nervous system all measured the specific surprise rather than the specific information (Eckhorn
and Rpel 1974, 1975, Fuller and Looft 1984, Optican and Richmond 1987, de Ruyter van
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Steveninck and Bialek 1988, Bialek and Zee 1990, Richmond and Optican 1990, Theunissen
and Miller 1991, Panzeri and Treves 1996, Retlal 1996, 1998, Buracast al 1998), one can
thus draw some additional conclusions about the efficiency of coding in these neural systems.

All these studies concern sensory systems, in which information about a set of &irguli
represented in neural respongedAs discussed above, the average information that a response
event conveys about the stimulus is given by the mutual information (2). This quantity depends
on the conditional probability (y;|x;) that a given stimulus; will cause a certain response
y;, and also on the frequengy(x;) with which the various stimuli are used. The relationship
p(y;jlx;) between stimuli and responses is a property of the circuit, and depends on the function
of its neurons and their interconnections. On the other hand, the frequency of input stimuli
p(x;) is aproperty of the environment in which the circuit operates. Given the circuit properties
p(y;lxi), there is a maximal possible transmission réteachieved by properly adjusting the
stimulus distributiorp (x;): this is called the capacity of the communication channel (Shannon
1948a). If a system transmits information at this full capacity, then the distribution of stimuli
is optimally matched to the neural cogy;|x;). Do real sensory systems operate at this
optimum?

It is not straightforward to determine the optimal input distribution for a given channel,
and much of coding theory is dedicated to this problem (Hamming 1986). However, there is a
simple test to check whether a given system is transmitting optimally (Shannon 1948a, p 390,
Fano 1961, p 136): a system operates at its capécifyand only if the specific surprise is
equal for all output symbols, that is

SX;yp)=C for every symboly;. (14)

Since the mutual information is symmetric between inputs and outputs, the same must hold
for all input symbols,

Sx;; Y)=C for every symbokl;. (15)

By applying this theorem to published measurements of the specific surprise, one finds
that these neural systems do not operate at capacity. The deviations from constant surprise per
symbol (14), (15) are large, though this does not readily quantify the extent to which coding is
suboptimal. For example, de Ruyter van Steveninck and Bialek (1988) recorded the spike train
ofavisual neuronin the fly under a broad ensemble of visual stimuli, and compared the surprise
S(X; y;) about the stimuluX obtained from different kinds of spike paiys (equation (2) in
de Ruyter van Steveninck and Bialek (1988)). The surprise varies considerably depending on
the interval between the two spikes; itincreases dramatically for very shortintervals (figure 7 in
de Ruyter van Steveninck and Bialek (1988)), because these encode features that are very rare
in the stimulus ensemble. Thus, if one considers spike pairs as the symbols of this neural code,
the system clearly does not exhaust the available information capacity per symbol. On the other
hand, the information content per symbol may not be the relevant criterion of performance.
In particular, short inter-spike intervals clearly require less transmission time than long ones.
Thus, maximizing the information per symbol does not maximize the information per unit
time, which may be the more pressing concern for a fly involved in visually guided pursuit of a
potential mate (Land and Collett 1974). In fact, subsequent work showed that the information
rate per unit time in this system comes close to the physically achievable limit (Riakk
1991).

In a different study, Optican and Richmond (1987) computed the surf¢iseY) that
each visual stimulus; conveys about the possible respon¥esf neurons in the primate
cortex. Again, this quantity varied a great deal across stimuli, by at least a factor of ten,
whereas it should be constant if the neural code operated at capacity (figures 2—4 in Optican
and Richmond (1987), figure 12 in Richmond and Optican (1990)). The same conclusion can
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be drawn from a study of olfactory responses in primate cortex (figures 3—-6 in ®alls
(1996)). Finally, the above analysis of direction-tuning in primate MT neurons (figure 2) also
documented that the surprise varies considerably with the stimulus, although another neuron
from the same population showed less variation (figure 2 in Burecak(1998)). In these

cases it is likely that the stimulus ensembles used during experiments are poorly matched to
the neural system’s capabilities. This is almost certainly a concern in recordings from the
visual cortex using stimulation with static Walsh patterns. These stimuli have mathematically
appealing properties, but in practice they lead to very small information rates (Optican and
Richmond 1987), about 20-fold lower per spike than what cortical neurons can sustain (Buracas
et al 1998). Clearly it will be of interest how these performance measures fare under natural
stimulation encountered during behaviour (Tree¢sal 1999). Particularly in the case of
cortical representations, the analysis should be extended to cover multiple neurons in the
population that collectively encodes the stimulus.

7. Conclusion

Shannon’s quantitative definition of information has been a powerful tool in analysing
communication systems. Here we have discussed how one might extend this measure of
information so it applies to specific transmitted symbols. The history of this issue is remarkably
sparse. In his founding treatise, Shannon (1948a, b) found no need to define the information
related to specific events, but operated only with quantities that are averaged over all symbols,
such as the entropy/ (X) and the mutual informatiod (X; Y). Brillouin (1956) pointed

out that information from individual observations can be negative. He cites the example of a
telegram whose last symbol is eithee0all wrong, pay no attention to this message’ o1
‘telegramis OK, you can use it’. Observation of 0 destroys all the information that accumulated
during observation of the preceding symbols and thus should be viewed as carrying negative
information. Brillouin concludes that Shannon’s theory must be extended to treat such a case.
This extension s, in fact, achieved if one defines the information conveyed by a specific symbol
y; in the manner we propose in (11).

Fano’s introduction to the theory (1961) begins by defining a ‘microscopic’ quantity,
namely the information between one specific output symbaid a specific input symbg):
I(x;;yj) =log[p(x:|y;)/p(x:)]. Note that this quantity is symmetrié(x;; y;) = I(y;; x;),
and additive] (x;; {y;, z&}) = I (x;; y;)+1 (x;; z|y;). Fromthis starting point, Fano computes
the ‘average amount of information provided py about the transmitted’ by averaging
I (x;; y;) over allx;, conditional on observation of;: I1(X; y;) = Y, p(xily))I(x;; y;). He
also considers the alternative definitiof(X; y;) = H(X) — H(X|y;), but rejects it. This
is surprising, since Fano—like many other authors—considers the property of additivity an
essential ‘natural’ attribute of information (Fano 1961, p 30-31),/a0X; y;) is not additive,
as shown above in (8). Subsequent texts (Abramson 1963, Hamming 1986, Mansuripur 1987)
generally follow a similar argument in defining the specific information from an output symbol
asIi(X;y;). The alternative definitiodi,(X; y;) is rarely even considered (Watanabe 1969,
Golombet al 1994), though Watanabe (1969, p 533) remarks in passing that the quantity
I1(X; y;) is not additive.

For any practical purpose, additivity truly is an essential property of information.
Abandoning it leads to absurd results when one combines the information from two or more
events, as seen in the examples discussed here. We showég ¥hat;) = I(X; y;) is the
only expression that satisfies this requirement and thus the preferred choice for measuring the
‘event-specific information’. The quantify(X; y;) = S(X; y;) also has unique properties, in
that it is strictly non-negative, and it can be viewed as the ‘event-specific surprise’. Information
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and surprise generally report different aspects of the neural code (figure 2, table 1). In particular,
a comparison of surprise across symbols in the code allows a test for optimal transmission.
Of course, a complete understanding of the neural code—including the degree to which it
deviates from optimality—requires notjustX; y;) andS(X; y;), butthe full joint distribution

of stimuli and responses(x;, y;). A satisfying biological understanding will further require
some assessment of the subjective value that different events have for behaviour. Nevertheless,
mutual information has been a powerful concept in communication science, and we expect
that its logically consistent extension to single symbols, as advocated here, will prove useful.

Appendix

A.1. Proof thatl>(X; y;) is the only additive measure of specific information

Prior to any observation, the probability distribution of the injuis p(x). After observing
the specific event;, this distribution has changed frop(x) to
q(x) = p(xly;).

As discussed above (3), the specific informatigX ; y;) obtained from this observation must
be a functional of the two distributions(x) andg (x):

1(X;yj) = F[p(x),q(x)]. (16)
If subsequently we observe evenpt the probability distribution of changes frong (x) to
r(x) = q(xlze) = p(xly;, zo)-

The information gained in this step must be the same functional of the initial and final
distributions

I(X; zily;) = Flg(x), r(x)].

If we consider both eventg; andz; as a single combined observation then the probability
distribution of X changes fronp(x) to r(x), and thus the information gained is

I(X; {yj, 2} = Fp(x), r(x)].
The requirement for additivity (9) specifies that
Flp(x),r(x)] = F[p(x), g(x)] + Flg(x), r(x)].
It follows directly that
Flg(x),r(x)] = F[p(x),r(x)] = F[p(x), g(x)]
= —G[r(x)]+ Glg()].

So the specific informatiof(X; y;) = F[p(x), p(x]y;)] must be the difference between the
values of some functiona¥[ ], evaluated first for the prior distributiop(x) and then for the
conditional distributiorp (x|y;)

1(X; yj) = G[p(x)] = G[p(x|y))].
We then show thati[ ] is, in fact, the entropy functional/[ ]. Consider the special case
where

1 i=j

0 L]

that is, any observation of specifies the precise value of In that case
Glpxlypl =K

p(xily;) =6;j = {
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has the same constant value forgl| because the argumeptx|y;) is the delta function in
each case. Furthermore, since any observationesves no uncertainty aboutH (X|Y) = 0
and the mutual informatioh(X, Y) is simply the entropy? (X). Thus (10) leads to

> pONGLp)] = Glpxly)D = Glp(x)] — K = H[p(x)] = H(X).

J

So
Glp()] = H[p(x)]+ K
and one concludes that
1(X;y)) = G[p(x)] = G[p(x|y))] = H[p(x)] — H[p(x|y;))] = H(X) — H(X|y;)
= L(X; y)).
A.2. Proof that/1(X; y;) is the only non-negative measure that averages to the mutual
information

We seek ameasusgX; y;) thatis never negative (12) and whose average over observations
is the mutual information (13). As argued fb¢X; y;) in (16), the surpris€(X; y;) must be

a functional of the two distributiong(x) andp(x|y;), simply because these two distributions
completely describe the effect of observing Thus, we can generally write

S(X;y;) = I(X; y) + A[p(x), p(x|y;)] (17)

wherel,(X; y;) is given by (5) and4[] is some functional of the two distributions. Then (13)
requires that

> pONALpK), pxly)] =0. (18)
J

Since this property ofA[ | must be satisfied for all possible forms pfx) and p(x|y;), it
must somehow arise from the constraints on these probability distributions. The only such
constraint relevant to the summation in (18) is

> PGP — plxily;) =0. (19)
J

ThusA[ ] must be of the form
Alp), pGrlyp] = 3 Bi - (p(xi) = p(xily))
whereB; = B;[p(x)] can be any functional of(x) but does not depend on.
Now consider the case whepgx|y;) differs very little fromp(x),
p(xily;) = p(x;i) +d;
with |d;| « Land)_; d; = 0. Then (5), (17) and (19) lead to
S(X; yj) = Z d; - (1 + B;) + (terms of ordei?).

For this to be non-negative for all possilie} requires thaB; = —1 for alli, and consequently
Alp(xi), pGilyp] = Y Bi - (p(xi) — p(xily;)) =0.

Thus, one concludes that
S(X; y;) = Ii(X; y)).
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